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Introduction
The Waring problem is to determine, given an integer m, an integer s such that every integer can be expressed as the sum of at most s mth powers. The smallest integer s having this property is called the Waring number for power m.
The aim here is to address this problem over Z,, where p is a prime. Hence, we wish to find the Waring number for power m, g(p, m), given a prime p and an integer m.
A Waring graph is a graph whose vertex set is Z,, where p is a prime, and where two vertices are adjacent if their difference modulo p is an mth power of an element of Z,.
Such a graph is denoted by G(p, m). As in [4], we consider the Waring number g(p, m)
as the diameter of the Waring graph G(p, m). In this paper we present a combinatorial lower bound on the diameter of such graphs which generalizes nicely to circulant graphs (Cayley graphs over cyclic groups).
The basic idea is to use integer dependencies between the generators.
Preliminaries
Let p and m be given integers, where p is a prime. Suppose further that p is of the form 1 + km for some integer k.
For future use, we introduce, for every divisor j of p-1, the map @j from Zg into itself, which maps x into xj. We can then define the set U,=Im(@,). The Waring graph G(p, m) is a directed graph which has vertex and edge sets V and E, defined, respectively, by v=z,
We need some algebraic lemmas before proving any combinatorial property of this graph.
Lemma 2.1. For any divisor j ofp-1, we get IKer(@j)l <j.
Proof. Ker(@J is the set of zeros of the polynomial xk-1 over the field Z,. 0
Lemma 2.2. Im(@J c Ker(@,).
Proof. By Fermat's little theorem, every element of Z$ satisfies xp-i = 1 and hence, xkm=l. cl Proof. Let R denote the subring of Z, generated by U,,,. R is a finite ring without zero divisors, and, hence, a field. But Z, has no nontrivial proper subfield. So, R = Z,. Proof. Let QI denote the set of vertices of G(p, m) at distance at most 1 from 0 in V. 
i=O
We need to bound the module of the hi to get a bound on ) Q1 I:
where rj=(ro,j, r,,j, . . . . rk-l,j )T. Now I/x 11 1 < 1 by the first description of Ql and let Ck =maxi, j Iri, jl. Then, plugging these two latter bounds into inequality (1) we get lhjl < ICk. Since the hj can take at most 21Ck + 1 values, QI contains at most (2lCk + l)d elements. 0
Note that from the standard lower bounds on the diameter of circulant graphs [2,6], one would expect a lower bound of order only O(p"k), when we get a lower bound of order O(p'ld).
Multiloop networks
Recall that a circulant digraph is any digraph with vertex set V and edge E of the form v= Z",
E={(x,y):y-XEU)
for some U G V, called the set of generators. Trivially, such a graph is regular of degree I U I. Waring graphs are such graphs with v =p and U = U,,,. An interesting combinatorial problem of some interest in multiprocessor systems [2, 6] is to find the minimum diameter of such a graph with given degree and diameter. We can generalize the Theorem 3.2 to the following ~ rather abstract -situation. as one would expect from [6] . This is consistent with the results of [7] .
Conclusion
The lower bound we gave on g(p, WI) shows that Waring graphs are not circulant graphs-also called multiloop networks by computer scientists [2]-with the smallest diameter for given degree and number of vertices. The nature of the proof shows the interest of using generators that are linearly independent over Z.
